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In a pepw antitled "Aritb-etic in a One-MSo.ple.-i* Co-puter" 
P. Billlng.ley gi~. -~ -off*!-" condition, in order that a One»e- 
eo«ple*mt computer produce the correct* quotient and correct non- 
negative remainder. We shall prove that if hi. condition, are .11**7 

.fcaxpened they axe nece.sery and sufficient. U«> we shall prove a 

conjecture of Ca^aigne and Gingerich on a neccery and efficient 

condition for correct division. 

• See condition D. paragraph 4 below. 

2. T" ? ALG0BI1BM 

Ifclng the notation of Billing.ley the algonfch. for divi.ion 

follow.: 

laUlrt eonteot » 

qB is cleared 
XR contains divisor X 
^* AC contains dividend A 

Algorithm 

1. Case I: If * 47 = 0, go to step 2. 

Case II: If * 47 = L **- ol » te ^ traCt ffl int ° ** 
, 2 . Shift AC 24 places. (All shift, are fro- right to left. i 

1 3, Do 24 times: 

a. Shift A"! one place. 
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Division in a One • s-Complemant Computer 

o. If a^ = Xgg. subtract XB into AC and in.ert 

1 in <iq. 

» a 24 t *ZS> *** ^ lnt ° ^ 
c. Shift ^R* ono place. 
J ojorpod^ e contents 

<JR contains <i = q>23 *22 *•* q 

XR contains divisor X 
AC contains preliminary remainder r. 
4. Do ono of the following: 

a. If a^ - 1, if Case I: Absolute add XR into 
AC, replace (Jo by 033. 

b. If an^l, if Case II: Absolute add XR into AC. 

c. If a^ = 0, if Case I: No action. 

d. If a^ = 0, if Case II: Replace (fc by q^ 

?jnA] contents 

QP contains quotient \ 
XR contains divisor X 
AC contains remainder R 
Cbsorvo that in 24 repitions of stop 3d of the algonthm v, suc- 
cessively and in this order determine o^, 0^3, q^. .... *1« V; ° 
can therefore immediately stato 

LSMMA 1 

If A and X are of sane sign ^ = 1 and if A and X arc 

of opposite sign qo = 0. ^ / ^ 
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An examination of stop 4 rovcals that ^33 is not modified, 

Biorcfore wo can innodiatoly atato 
LEMMA 3 

q and Q are of same sign. 

3. OOHCgPTOAl MODIFICATION OF IHE_ ALG0RI3BM 

In division by hand it is not customary to shift tho dividond 
and successive remainders as is done in steps 3 of tho nachino algo- 
rithm. Instead successively decreasing powers of two times tho divisor 
arc added to or subtracted from successive remainders. Howovor, this 
distinction is only concoptual rmd we shall throughout this papor troat 
the machine algorithm as though it takes plac* in the lattor manner • 

As an oxanple consider an eight digit AC and four digit QR 

and XR. Shen with X = 0101, A - 00100001 the machine algorithm 

produces 

AC 00100001 QR 0000 XH 0101 
AL4 00010010 

ALL 00100100 0001 

- x oooobioi 

00011111 0010 

AL1 OOlllllO 0010 

+ x -UiliOiO. 

01000011 0100 / 

AL1 10000110 0101 

- x 00000101 

10000001 1010 

Ail 00000011 1011 

- x 00000101 

11111101 0111 

j/u 
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q z 0111 I r 0110 

r - 11111101 H = 00000011 

Tho underlined digits ore the ones comparod with X» to 

dctonaino (Jq, <h, Qo ^^ ^1* 

Dividing by tho second method wo have 



Q101 '2Q100001 
-0101 



11111000 

» QXQi 

00001101 

-1)101 
00000011 

-"bioi 

11111101 

q s 0111 Q, = 0110 

r = 11111101 E = 00000011 

The underlined digits arc again those which are conparod and 
the respective successive renaindors in tho two divisions are slidos 
of oach other. 

4. C0BB3CT DIVISION 

Wo shall now stato our definition of corroct machine division 
as follows: 
H3FISITI0H 

'The division algorithm is "correct" if 

( i ) A = qx + a 

(ii) |^| C 2 23 - 1 
(iii) 0< R* |X| 
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LEMMA 3 

Division is not correct if <Jq = 983' 



X arc of opposito sign. Bat this contradict, (l) - ^ °< 
th. definition unless A _ or * = 0. *ut BilU^lo, M 
^^(,23 if A _ 0. It only ronains to con.idor * = 0, !•.. 
A=H and therefore hy ("D A>0, A<|X». If *;0 
division proccods as follows: 



X 'A 

7#** 

A -^ X = T X 

_*_. „.! andr^O with |r_\ < (a» - 1) I *<*» - **<*• 
Before the two left hand digits of r_ are one's and ^^ 
and q^V Oxo result for X>0 follow. * «*!—»*. 

5# Jff?. y yHDAIC^AL THE0H5M 

Billingsloy proved the following: 

^ fpaoHai 1 

A sufficient condition that a ono's-conploncnt couputor perfonn 
correct division is; 
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Division in a One ' s-Coiaploment Conputor 
CASS at. (a 47 = 6\ 

a- a 23 Ul^ o 

CASE 3 fa 47 = i} 

a- ixl + 2 23 |x| > o 

Wo shall assuno tho rosults of Theorem 1 and prove 

theobem 2 ' 

A necessary and sufficient condition that a one ' s-complonont 
conputor porforn correct division is; 
CASE K \ a 4? = 0] 

A- 2 s3 t x\ < 

CASS £ fa 47 = 1, (A- |X| ) 4? r IJ 

A- |X| ^S 23 \X\> 

CASE V [k 4? r 1, (A- »X\ > 4? = 0*} 

1 = 

PB0Q7 OF SP1TICIEKCY 

CASE A 

Follows from Biooron 1. 

CASE <-' 

follows froo lhooron 1 unloss 

a- |x\ + a 23 I x\ -o. 

But then division procoode as follows if X>0: 
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Q1Q...Q 



x U- ixi 

+ z 23 j xi 



A- I XI 4 S 23 I X| =0 
- 222 1X { 

-222 | X | 

+ 221 |xl 



_ 2 22 | X | +8 » | X | 4 ... 1 | X | =- | XI 

Bio discussion of magnitudes of successive ronaindors which 
justifies all additions after tho second stop is trivial and will bo 
omitted. Then q r 1 ... and r *= ~ | XJ . Step 41) iqplies 
q, -. q - 2 s3 - 1 and H r which is correct* 

lhe result for X < follows "by complements. 

CASS V 

~ Since the condition is never satisfied there 1b nothing 

to prove. 

PROP? 0? Mzcsssm 

We shall disregard the case X r since in that case the 
conditions of Theorem 2 are never satisfied and division is never 
correct. 

CASS Oy, 

Assuno that division ia corroct. Then 
Ul < (223 _ 1) | X| + E < (223 - 1) / X| 4 | X | = 
=223 | X | 
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Division in a Ono'e-Conplenont Conputer 

CASE ■•?■ 

To provo that correct division inplios 

A - f Xl + 2 s3 | X ! ^ 0. wo shall assume A - |X\ + S 23 U\< 
and provo that division is incorrect. Thon division proceeds as 
follows for X > 0: 
<2- 

x IT- fxi 



+ jb 23 i X! 



A- I X| 4 2 s3 I X\z r % 

Hero (Jqt 1 and r x < by hypothesis* If \* t \< 2*6 • 

Ogg = and "by Lonaa 3 the division is incorroct. If \r± \ > Z 46 , 

|r|> 2^ -2 s2 JX| - ...- |X\ rZ 46 - (S 23 - l) |x(> 

> 2&> - C2 23 - I) 2 = 2^ - 1 - 2(223 - 1) 4 1 > 2 |X| t 

and R > (X| which is incorrect for division by definition* 

If X< tho result follows by conpl omenta. 

CASS Y . 

This case is peculiar to machine subtraction which 

takes A < and produces A ~ } X \ > 0. But this can happen 

only if A is a machine somber with a^ * 1 and a^ and 

"several" consocutivo digits r 0, in other words, If (A( is 

vory large. More precisely if A< and A - I x| > 0, 

thon -A ♦ | X| > 2 47 and -A> 2 47 ~ 2^ + 1* But if 

A = QX+ R. with \%\ 9 JX| and R all less than 2 23 . 

then 

-ASO^- 1) 2 *.<2»- ils^-lF 

which is a contradiction. 
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6. IKS CA1CPAI&K&^IBG3BICH CTEQHBt 

Ganpaigne conjectured condition ( J } and later Gingerich con- 
jocturod conditions (/) and ( **") and indicatod a partial proof of 
TFTBQKFgi 3 

Noccssary and staff iclont conditions that a ono's-conplonont con- 
puter porforr. correct division aro that 

( * } % t «23' ***• 

(&) 2 s3 \Rj,^ ' S 46 whore ^ is tho contents of AC 

after the first of tho 24 stops of 

3b in the algorithn. 
HOTS, If wo think of tho dividend as stationary and tho successive 
additions and subtractions of powers of two tines X to A 
as in paragraph 4 t than condition ( T) is that after Qq 

and beforo q^^ have been detorninod, the ronaindor r^ 
satisfies 

PROP? 0? SICTTICISHCY 

Vo shall givo a proof by contradiction. Biat is we shall assuno 
correct division is not porfornod and shall first show that (^) or 
( <T) Is eontradlotod if X f 0, 




CASZm fa 4? = Oj 



Assuno X >0. Tho proof for X< follows by oonplooents. 
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Division In a OnG f a-Coople!aoiit Conputor 

Since division is incorrect, by Ihooroo 1 A > J3 23 X* 
Bion division procoods as follows: 



X J A 



• A- 2 s3 |X! = Tj^J* 

Thon tho loft digit of r± = and tho next digit is 
xoro If and only if r^ < v 2 46 , and than qg- s 1 r Qq 
contradicting (^*). 
CASLiL f a 47 = 1. U " 'X ) 47 = lj 

The proof la slnilar to that for case -j*.. with A, 
A i 2 s3 X and r x = A - a 23 x roplacod respectively 

hy A - IX \ , A - |X | + 2 s3 » X|< and 
r x r A- !xl •+ 2 s3 |xl. 

U& Y f a 47 = x . < A ~ » X 1>47 =■ °3 

If A<0 and A - |x| > 0, 2 47 ^ A - |X|. \ 

Hance 

'r 1 = A- |x| -a 23 |x|> a 47 -a^lx)* 

> a 47 - 223 (a* 3 - l) = a 4 * + 1 > g46 t and («~) 
does not hold. 
If X - 0, * flQ £ a 47 *- 1 (nod 3). < 1g3 2 *46 ~ * (nod 2> 
and r x : A. Then if a 4? s a^, ^ s q^ and (<?) does not hold, 
and if a 47 f a^, |a\> 2^ and (CT) does not hold. 
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Division in a One's-Compleaent Computer 
P500P of nscsssiyy 

We shall prove that if division is performed correctly conditions 
( C ) and (J) hold. Bit condition ( /*) holds by Lemma 3. 

Assume correct division and not condition {C ), i.e., 

Ihen |r|^ 2 46 - S 22 | X | - ... - |x\ * 

'> S 46 - -(S 23 - 1) Ixi > s 46 - (S 23 - 1)2 ± 

> 2(223. !)Vl > 2 |X| -r 1, 
U| > )X\ and (/) holds. 

CASS ~ 

The proof is identical with Case (*/J 

CASS V 

No proof Is needed since division is never correct. 

If A > 0, 

t 

* . ' M lf A<2 23 | X | division is correct. 

(ii) if 1» IXK A < ^ , x| t 2 46 ( ( ft fall0 — (|r) ^^ 

(iii) if A> 2 s3 I X! 4 a* 5 , (<J ) holds and «r) fail.. 



a. A. Leiblor. 
July 15, 1949. 



- 11 - 



*// 



